2 function on a real Hilbert space and Σ ⊂ H × R the manifold defined by Σ := Graph (Φ). We study the motion of a material point with unit mass, subjected to stay on Σ and which moves under the action of the gravity force (characterized by g > 0), the reaction force and the friction force (γ > 0 is the friction parameter). For any initial conditions at time t = 0, we prove the existence of a trajectory x(.) defined on R+. We are then interested in the asymptotic behaviour of the trajectories when t → +∞. More precisely, we prove the weak convergence of the trajectories when Φ is convex. When Φ admits a strong minimum, we show moreover that the mechanical energy exponentially decreases to its minimum.
Introduction
Let H be a real Hilbert space, with scalar product and corresponding norm respectively denoted by ., . and | . |. Let Φ : H → R be a function of class C 2 and Σ ⊂ H × R the manifold defined by Σ := Graph (Φ). In this paper, we study the motion of a material point with unit mass, subjected to stay on Σ and which moves under the action of the gravity force (characterized by g > 0), the reaction force and the friction force (γ > 0 is the friction parameter). A simple application of the Fundamental Principle of Dynamics leads to the system (MP M)ẍ(t) + γẋ(t) + g + ∇ 2 Φ(x(t)).ẋ(t),ẋ(t)
+ |∇Φ(x(t))| 2
∇Φ(x(t)) = 0
The mechanical problem
Let us consider a real Hilbert space H, with scalar product ., . and a mapping Φ : H → R, of class C 2 . Given a material point M of mass m which moves on the manifold defined by Σ := Graph (Φ), r(t) ∈ H × R denotes the position of M at time t: r(t) =
x(t) Φ(x(t)) when x(t) ∈ H.
According to the fundamental principle of the dynamics, F.P.D. in short, the motion of M is governed by the equation:
the second member of this equality being the sum of the forces which are applied to M :
• The gravity force − → G = 0 −mg .
• A force of friction of viscous type: this force is opposed to the movement of the particle (friction), and is proportional to the speed (viscous friction): − → F = −λ fṙ (t), where λ f > 0 is the friction coefficient.
• The reaction − → R of the surface (Σ), which expresses that the particle does not penetrate into (Σ) :
We still have to determine the amplitude R of the reaction of the surface (Σ). For that purpose, let us project (1)
An easy computation shows thaṫ
Combining (3) and (4),
. Injecting this expression of R in equation (2), we obtain
Let us now divide by m and define γ = λ f /m: we finally obtain the (MP M) system
("Mechanical Particle Motion"). Let us notice that the "Heavy Ball with Friction" system
is an approximation of the (MP M) system, where one considers that • |∇Φ(x)| is negligible with respect to 1.
• ∇ 2 Φ(x).ẋ,ẋ is negligible with respect to g.
The main key tool for studying (MP M) is the existence of a natural Lyapounov function: the mechanical energy
Global existence
Let H be a real Hilbert space. Let us consider a mapping Φ : H → R which satisfies the following conditions
2 Φ is Lipschitz continuous on the bounded subsets of H.
Let us consider the second order system in H
We can define along every trajectory of (MP M) its mechanical energy by
The central result of this section is given by the following theorem. 
(iii) Assuming moreover that x(.) is bounded, then we have • lim t→+∞ẋ (t) = 0 and lim t→+∞ẍ (t) = 0,
Proof of (i).
The system (MP M) can be written as a first order system in H × H:
For Y 0 = (x 0 ,ẋ 0 ) t given in H × H, the Cauchy-Lipschitz theorem and hypothesis (H) ensure the existence of a unique local solution to the problem:
Let x(.) denote the corresponding maximal solution which is defined on some interval [0, T max [ with 0 < T max ≤ +∞. In order to prove that T max = +∞, let us show thatẋ(.) is bounded. We first observe that equation (MP M) and the regularity assumptions on Φ automatically imply that
After simplifications, we findĖ
Thus, the function E(.) is decreasing and for all t
Since Φ is bounded from below, we obtain that
It is a standard argument to derive from such an estimation, that T max = +∞. Indeed, let us argue by contradiction, and assume that T max < +∞. We have
is bounded too on this interval. So lim t→Tmaxẋ (t) =ẋ ∞ exists. But, applying again the local existence theorem with initial data (x ∞ ,ẋ ∞ ), we can extend the maximal solution to a strictly larger interval, which is a clear contradiction. So, T max = +∞, which completes the proof of (i).
Proof of (ii).
We already proved that E(.) is decreasing. Since Φ is bounded from below, and since E(t) ≥ g Φ(x(t)), the energy E(.) is also bounded from below. As a consequence, lim t→+∞ E(t) = E ∞ exists, with E ∞ ∈ R. Using (8), and the fact that Φ is bounded from below, we obtain that, for all t ≥ 0
From (7), we derive that, for all 0
Since E(t) decreases to E ∞ as t increases to +∞, we obtain that
Proof of (iii).
We now assume that x is bounded. We have proved in (ii) thatẋ is bounded; therefore equation (MP M) and the fact that ∇Φ and ∇ 2 Φ are bounded on the bounded subsets of H imply thatẍ is bounded.
Let us now observe that the function h(t) :=ẋ(t) satisfies both
According to a classical result, these two properties imply: lim t→+∞ h(t) = 0.
Let us now prove that lim t→+∞ẍ (t) = 0. Let us first prove this result in the simpler case where Φ is of class C 3 , then we shall see how one can adapt this argument when Φ is only of class C 2 . Returning to equation (MP M), since Φ is C 3 , the solution x is C 3 . By differentiating the equation we obtaiṅẋ˙+
with
Since, by assumption, ∇Φ, ∇ 2 Φ, ∇ 3 Φ are bounded on the bounded subsets and since x,ẋ andẍ are bounded, one can easily verify by differentiating f that there exists C ≥ 0 such that |f (t)| ≤ C |ẋ(t)| for all t ≥ 0. Using now lim t→+∞ẋ (t) = 0, we finally obtain
If we set z =ẍ, equation (9) becomes:ż + γz = f . After integration of this equation it is easy to verify that (10) implies convergence of z(t) =ẍ(t) to 0 as t → +∞. When Φ is not C 3 , we have to adapt the preceding argument. The idea is to replace the derivative˙ẋ˙, which a priori makes no sense, by a differential quotient. We refer to Attouch-Goudou-Redont [2] , proof of Theorem 3.1. Since lim t→+∞ẋ (t) = lim t→+∞ẍ (t) = 0, it is now clear in view of (MP M) that lim t→+∞ ∇Φ(x(t)) = 0.
We complete the proof of (iii) by noticing that, since and sinceẋ(t) → 0 as t → +∞, we have that 
Proof of Corollary 2.2. It is enough to observe that inequality (8) gives Φ(x(t)) ≤ E(0) g ·

This majorization on Φ(x(t)) and the coerciveness of Φ imply that the trajectory x(.) remains bounded.
Remark. When there is no effect of gravity (g = 0), the situation is quite different from the previous one. The (MP M) system then reduces toẍ
and the energy function E(t) =
2 |ẋ(t)| 2 + ∇Φ(x(t)),ẋ(t) 2 then verifies the following decay laẇ
E(t) = −γ |ẋ(t)| 2 + ∇Φ(x(t)),ẋ(t) 2 = −2 γ E(t).
Consequently, the energy E exponentially decreases to 0: E(t) = E(0) e −2γt and in particular
Then, we obviously have |ẋ| ∈ L 1 (0, +∞) and there exists some x ∞ ∈ H such that the trajectory x(.) strongly converges to x ∞ . Let us note that, in general, when g = 0, we do not have lim t→+∞ ∇Φ(x(t)) = 0 and a fortiori ∇Φ(x ∞ ) = 0.
3. Asymptotic behaviour in the convex case
A general result of weak convergence
In this section, H is a Hilbert space, Φ : H → R is a convex function which is C 2 , with ∇ 2 Φ Lipschitz continuous on the bounded sets of H, and which satisfies: Φ is bounded from below and S = argmin Φ = ∅.
Alvarez has proved in [1] that each trajectory of the (HBF ) system, in the convex case, weakly converges to a global minimum of Φ. We have the same result for the (MP M) system. 
Then, we have (a) Estimations of the energy decay: 
+∞). (ii) lim t→+∞ t(E(t) − g min Φ) = 0 and as a consequence
The functions h and k are closely linked because, as we will see later,ḣ vanishes at infinity. A simple computation yieldsk
In particular, we havek(
Since k is bounded from below, lim t→+∞ k(t) exists and hence the map x is bounded. Since ∇Φ is bounded on the bounded sets of H, there exists M ≥ 0 such that
Let us now integrate (12) on [0, t]
Passing to the limit when t → +∞, we find clearly
Proof of (a) − (ii). Since E(.) is non increasing,
Passing now to the limit when t → +∞, one obtains lim t→+∞ t(E(t) − g min Φ) = 0. The rest of assertion (a) − (ii) is straightforward.
Proof of (b). The technique which is used here to prove the convergence of the trajectory has already been used by Alvarez in [1] . In particular, the Opial lemma plays a central role. For the convenience of the reader, we recall it.
Lemma 3.2 (Opial). Let H be a Hilbert space and x : [0, +∞[→ H be a function such that there exists a non void set S ⊂ H which verifies:
Then, x(t) weakly converges as t → +∞ to some element x ∞ of S.
We are now going to apply the Opial lemma with S =argmin Φ = ∅. We have to check points (i) and (ii) of Lemma 3.2.
• Let us assume that w − lim n→+∞ x(t n ) = x ∞ . We then have lim inf n→+∞ Φ(x(t n )) ≥ Φ(x ∞ ) because Φ is convex and continuous, hence lower semicontinuous for the weak topology. But, in view of (a) − (ii), lim tn→+∞ Φ(x(t n )) = min Φ. Hence Φ(x ∞ ) ≤ min Φ and therefore x ∞ ∈ argmin Φ. • Let us now prove that lim t→+∞ |x(t) − z| exists. We know that
On the other hand, x(.) is bounded and from (a)−(ii), lim t→+∞ẋ (t) = 0. Consequently lim t→+∞ ẋ(t), x(t)− z = 0 and hence, with (13), lim t→+∞ |x(t) − z| 2 exists. This is true for any z ∈ argmin Φ, and hence the Opial lemma applies: there exists x ∞ ∈ argmin Φ such that
It is worth completing the previous theorem by a strong convergence result when Φ is strongly convex. 
Then each trajectory x(.) of the (MP M) system is norm convergent as t goes to +∞ to the unique global minimizerx of Φ.
Proof of Proposition 3.3. Let us consider a trajectory x(.) of the (MP M) system. We already know that the trajectory is bounded. So, there exists some R > 0 such that for all t ∈ [0, +∞[, |x(t)| ≤ R. Since Φ is strongly convex, it has a unique minimizerx. Let us write the strong monotonicity property (14) atx and x(t):
Since ∇Φ(x) = 0, it follows that
From Theorem 2.1, we have lim t→+∞ ∇Φ(x(t)) = 0. Since x(.) is bounded, it follows from (15) that lim t→+∞ β R (|x(t) −x|) = 0. From this we deduce that x(t) →x strongly as t → +∞.
Exponential decay of the energy
We have proved in the previous section that, for a convex function Φ, the solution x of the (MP M) system weakly converges to some x ∞ . We are now going to improve this result when Φ admits a strong minimum. More precisely, under this condition, the energy exponentially decreases to its minimum and the trajectory of (MP M) strongly converges to its limit. This result has already been proved by Bolte [3] for the (HBF ) system. We use here a quite similar technique. Moreover, the trajectory x strongly converges to a and satisfies |x(t) − a| 2 ≤ C gα e −δt .
A. CABOT
We choose λ so as to verify 1−λ C1 = η λ. Then, we have E(t) ≥ λ(E(t) + ηk(t)) and therefore, in view of (18) E(t) + ηk(t) + η C λ (E(t) + ηk(t)) ≤ 0.
Consequently, setting δ = η C λ and C 2 = E(0) + ηk(0),
Using again Claim 3.5, we find E(t) + ηk(t) ≥ 1 − η γ E(t) ≥
E(t)
3 and finally
The rest of the theorem is a straightforward consequence of the previous inequality.
Further remarks -Other possible developments. We stress the fact that, from a numerical point of view, the system (MP M) is not competitive because of the hessian matrix ∇ 2 Φ. Indeed this term is very heavy in computational time. From a numerical point of view, (MP M) can advantageously been replaced by (HBF ), which is easier to handle.
In the whole paper, we have considered the motion of a material point M. It would be possible to study the case of a real heavy ball with a positive radius. The mechanical study would be much more complicated but it would perhaps make appear new interesting terms from the Optimization point of view.
